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Abstract 

In a certain quantum gravity/string theory context, it is possible that not 
only the physical Higgs mass but also the bare one (and hence the radiative 
corrections as well) can vanish at the Planck/string scale. We compute one and 
two loop quadratic divergent contributions to the bare Higgs mass in terms of 
the bare couplings in the Standard Model (SM). We approximate the bare 
couplings, defined at the ultraviolet cutoff scale, by the MS ones at the same 
scale, which are evaluated by the two loop renormalization group equations 
for the Higgs mass around 126 GeV in the SM. We obtain the cutoff scale 
dependence of the bare Higgs mass, and examine where it becomes zero. We 
find that when we take the current central value for the top quark pole mass, 
173 GeV, the bare Higgs mass vanishes if the cutoff is about 10^^ GeV. With a 
1.3(7 smaller mass, 170 GeV, the scale can be of the order of the Planck scale. 
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1 Introduction 



The ATLAS and CMS experiments at the Large Hadron Colhder (LHC) ob- 
served a particle at the 5cr confidence level (CL), which is consistent with the 
Standard Model (SM) Higgs boson with mass 



Such a relatively light Higgs boson is compatible with the electroweak precision 
data [3]. Furthermore, this value of Higgs mass allows the SM to be valid up to 
the Planck scale, within the unitarity, (meta) stability, and triviality bounds [H 
EJ E] . Up to now, there are no symptom of breakdown of the SM as an effective 
theory below the Planck scale. 

On the other hand, if one wants to solve the Higgs mass fine tuning problem 
within a framework of quantum field theory, it would be natural to assume a new 
physics at around TeV scale. The supersymmetry is a possible solution to cancel 
the quadratic divergences in the Higgs mass, see e.g. Ref. [7]. However, a Higgs 
mass around 126 GeV requires some amount of fine tuning in the Higgs sector 
in the Minimal Supersymmetric Standard Model (MSSM), see e.g. Ref. [8]. 
Furthermore, no sign of supersymmetry has been observed at LHC so far [U]. 

Given the current experimental situation, it is important to examine a sce- 
nario in which the SM is valid towards a very high ultraviolet (UV) cutoff 
scale A. In such a case, the fine tuning of the Higgs mass would be achieved 
in a framework beyond the ordinary quantum field theory, as is necessary for 
the quartic and quadratic divergences of the cosmological constant, see e.g. 



In this paper, we compute the bare Higgs mass at A by taking into account 
one and two loop corrections in the SM. We will see that the bare mass can 
be zero if A is at around the Planck scale. We also discuss the possibility that 
a small non-vanishing bare mass in units of A can be canceled by threshold 
corrections in string theory. 

This paper is organized as follows. In the next section, we explain our 
convention, and calculate the quadratic divergent contributions to the bare 
Higgs mass up to the two loop orders. In Section |3} we present a renormalization 
group equation (RGE) analysis in the SM and give our results for the Higgs 
quartic coupling at high scales. In Section |4| we examine how small the bare 
Higgs mass can be at the Planck scale, and show at what scale the bare Higgs 
mass vanishes. We vary as, mn, and to see how the results are affected. 
The last section is the summary and discussions. 




126.0 ± 0.4 ± 0.4 GeV, ATLAS [I] , 
125.3 ± 0.4 ± 0.5 GeV, CMS [2]. 



(1) 



Ref. dU]. 
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2 Bare Higgs mass 

For the SM Higgs sector, we start from the bare Lagrangian of the following 
form in a fixed cutoff scheme with cutoff 



(2) 



The Planck scale is 



M, 



PI 



1.22 X 10^^ GeV. 



(3) 



N 



We take into account the SM couplings gy, 92, Qs, A, yt and neglect the others. 
2.1 Bare mass in 0^ theory 

We compute the quadratic divergence in the bare Higgs mass. First we explain 
our procedure by taking the concrete evaluation for the 0^ theory. From the 
bare Lagrangian 

As ,4 



(4) 



we calculate the bare mass order by order in the loop expansion so that 
the physical mass is tuned to be zerc|^ 



= m 



B, O-loop 



+ m 



B, l-loop 



+ m 



B, 2-loop 



+ 



(5) 



At each order, we fix the bare mass as 



B, O-loop 



"^B, l-loop + 



/ 

I 

\ 



\ 
I 



0, (6) 



0, (7) 



fe=0 



'^B,2-loop + ^ 



"^B, l-loop 

...0.. 



I 
\ 



\ 
I 
/ 



+ 



— k k 



V 



k 



k 



J 



0. (8) 



fc=0 



^ We assume the form without higher dimensional operators for whole the bare SM Lagrangian, since 
these can be absorbed by the redefinition of the couplings when we are only interested in low energy 
observables. 

^ Precisely speaking, o-ioop corresponds to the physical mass times the wave function renormaliza- 
tion factor and is negligibly small compared to the UV cutoff scale. 
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^1 ■■= I 7^,^^ (9) 



The one loop integral in Eq. ^ is quadratically divergent and is proportional 
to 

d^PE 1 

where p^; is a Euclidean four momentum. In the two loop computation ([s]), the 
momentum integrals in the third and fourth terms are, respectively, 

(2vr)M2vr)>ig| 
d^PE d^qE 



'■- I 77^7^347;^' (10) 



(2vr)M2vr)>|g|(p^ + g^)2- ^^^^ 

The integral J2 is infrared (IR) divergent: J2 oc ln(A//iiR), but is canceled 
by the second term in Eq. (|8]) due to the lower order condition ([T]). Therefore 
we are left with only I2 that does not suffer from the infrared divergence. This 
situation does not change in higher orders because a mass should not contain 
an IR divergence. 



2.2 Bare mass in SM 

Now let us fill the above prescription in the SM. In the following, we work in the 
symmetric phase (0) = as we are interested only in the quadratic divergent 
terms. In the evaluation of the Feynman diagrams, it is convenient to take the 
Landau gauge for all the S't/(3) x SU{2) x U{1) gauge fields. In this gauge, 
a diagram always vanishes if an external Higgs line is attached with a gauge 
boson propagator by a three point vertex: 




fc=0 



From the one loop diagrams we get the quadratic divergent integral /i again [15 



m 



B, l-loop 



3 9 



(13) 



In Fig. [T| we present the two loop Feynman diagrams that do not vanish in 
the symmetric phase {(f)) = and in the Landau gauge. In the second row of 
Fig. [T| the last diagram cancels the divergences coming from the one-loop self 
energy of the internal Higgs propagators, as in Eq. (|8|)n All the momentum 



■^In practice, from each diagram containing a self energy correction, one subtracts a term that is obtained 
by setting the external momentum of its self energy to be zero. One may also apply this subtraction, though 
not necessary, for diagrams containing a vacuum polarization in order to simplify the calculation. 
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Figure 1: Non- vanishing two loop Feynman diagrams. Arrows are omitted. The dashed, 
sohd, wavy, and dotted hnes represent the scalar, fermion, gauge, and ghost propagators, 
respectively. 



integrals can be recasted into either I2 or J2. We have explicitly checked that the 
coefficients of the infrared divergent integral J2 cancel in each gauge invariant 
set of diagrams. 

The two loop contribution to the bare Higgs mass at A become^ 

2 Jn4i2( "^2 1^2 1^21,'''''' 4 , 4 

"^B,2-loop = -| %tB + VtB [~Y2^YB + ^92B " 16^3^ 1 + —9yB + ^^25 

+ \b {-ISy^B + ^91b + ^91b) - lOAlj h- (14) 



4, 



As is mentioned in Ref. [15], while at the one- loop level only a restricted set of particles participates, 
on the two-loop level all kinds of particles up to the Planck mass enter in the discussion. We assume that 
there appear only SM degrees of freedom up to the UV cutoff scale. 
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This is one of our main results. Note that Eqs. (13) and (14) are minus the 
radiative corrections to the physical Higgs mass squared, see Eqs. ([T]) and ([s]). 

In Section [4], we will examine whether the bare mass can vanish at a partic- 
ular UV cutoff scale. For that purpose, we need to relate the integrals Ji and 
l2- This relation necessarily depends on the cutoff scheme. In particular, if the 
two loop contribution to the bare mass 2-ioop becomes sizable compared to 
m\ i-ioop' result suffers from a large theoretical uncertainty. We will verify 
that it is actually small. With this caution in mind, let us employ the following 
regularization: 



d^kE^= I da I d'^kEC-^'^'E, (15) 



oo 



which gives 



A-Jl^. /. = i(j^ln^. 0,005/.. (16) 

When we employ a naive momentum cutoff by A, we get 



and hence we can regard 1/e = A 



2.3 Graviton effects 



2 



Let us estimate the graviton loop effects on the above obtained result. The 
graviton /i^j, in the metric 

9^,u = Vf^u + -T^j—h^iy (18) 
couples to the Higgs through the energy- momentum tensor: 

= (D^0)t(D,0) + (D,0)t(Z}^0) - g^, [(D^0)t(Z}» - m|0t0 - A(0t0)2] . 

(19) 

The most divergent contributions come from two derivative couplings. A one 
loop diagram containing such a graviton coupling vanishes because it necessar- 
ily picks up an external momentum, which is set to zero. Other contributions 
are at most logarithmically divergent. At the two loop level, diagrams involv- 
ing internal graviton line that does not touch a Higgs external line give a form 
A^/M|[. If the UV cutoff is much smaller than the Planck scale, this becomes 
negligible, and the higher loops become further insignificant. Indeed in pertur- 
bative string theory, higher loop corrections are proportional to powers of the 
string coupling constant gs and become sub-leading. If the cutoff scale exceeds 
the Planck scale, we cannot neglect the graviton contributions. 
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3 SM RGE evolution toward Planck scale 

In Section |4| we will approximate the bare coupling constants in the SM at the 
UV cutoff scale A by the running ones in the modified minimal subtraction (MS) 



scheme at the same scale A; see Section 4.2 for its justification. 



To get the MS running coupling constant, we apply the renormalization 
group equation (RGE) at the two loop order. For gy, g2, 93, and i/t, we use 
the ones in Ref. |16j|^ For the quartic coupling, we employ the one given in 
Ref. [n]0 To be explicit, 

dgv _ 1 41 3 ^f, / 199 2 9 2 44 2 17 2 

^ " i6^y^^ + (16^^ vi^^^ + 2^2 + " y^* 

dg2 _ 1193 gl /^32,35 2,.„2 32 
dt ~ 167r2 6 + (167r2)2 ^2^^ + 6 + 2^* 

dgs 3 , 9I Al 2 9 2 ofi 2 o 2 

H = -16^^^ + (16^ U'" ^ - 2^^^ - 

dyt Vt f9 2 17 2 9 2 o 2V yt ( TO 2 , «\2 io\ 2 

f = (24A^ - 3,^A - 9,2^A + \g^y + \glgl + ^,2^ + 12Ay,^ - Gyf 

+ - 312A^ + 36A^(,?. + 3,2^) - A (^,^ - |,^,2^ + f ,2^ 

305 g 289 2 4 559 4 2 379 g 0024 ^24 942 
1^^2 - 2 - ^^yf 2 - ^^y - 32^3?/^ - -c/yy^ - -g^Vt 

2 / ^5 2 I 45 2 , on 2 \ I 22/ 19 2 , 21 2 



+ (^y ^?y + y + mij + ^?yy/ - -jgi- + y^?2 

-144A22/,2-3A?/,^ + 30i/f|, (20) 

where t = In /i. Though we do not include the bottom and tau Yukawa couplings 
in this paper, we have checked that these are negligible within the precision that 
we work in. 



We put the boundary condition for the RGE (20) according to Ref. [5]- The 



MS gauge coupling of SU (3) is given by the three loop RGE running from mz 



^We replace gi of the GUT normalization to gy — y/ij^ gi and rewrite the quartic coupling as Ajig] = 
2A, where is the one employed in Ref. [16] . 

^ We use the arXiv version 2 of Ref. [T7] with the replacements g' = gy, 9 = 92, h — yt, and = 6A, 
where X^ is the quartic coupling employed in Ref. [17 . The RGE for A in Ref. [TB] becomes equal to that 



of Ref. [T7], after correcting -|3|i4(S') to -fg|l2(S') and changing the part ^ + ^Ug to 
Eq. (A. 17) in Ref. 



50 „ j.^ 229 I 50 



n„ 



7 



to m^"'*^ and matching with six flavor theory as [5] 

, nniPN / tts(^z) — 0.1184\ / mF"^*^ 

= 1.1645 + 0.0031 - 0.00046 — ^ - 173.15 



0.0007 ) \ GeV 

— ^^^^ 
where is the pole mass of the top quark. The MS quartic coupling at the 

top pole mass mf"^*^ is given by taking into account the QCD and Yukawa two 

loop corrections [3] 



A(mP°^°) = 0.12577+0.00205^^-^-125^ -0.00004^^^^1^-173.15^ ±0.00140ti 

(22) 

where m^^ is the observed Higgs mass which we read off from Eq. ([T]) as 

mj^ = 125.7 ± 0.6 GeV. (23) 

The MS top Yukawa coupling at the scale mf"'*^ is given by taking into account 
the QCD three loop, electroweak one loop, and 0{a.a^ two loop corrections ^ 

y^(mP°^') = 0.93587 + 0.00557 (^^^^ - 173.15^ - 0.00003 (^-^ - 125^ 

/aJm^) -0.1184\ , , 

- 0.00041 ^' ± 0.00200th. 24 

V 0.0007 j th K J 

In a more recent work [6], it has been pointed out that the error in the top 
quark pole mass, consistently derived from the running one, is larger than that 
given in Ref. |5j, 173.1 ± 0.7 GeV. The value obtained is ^ 

mP°^" = 173.3 ±2.8 GeV, (25) 

which we will use in our analysis. 

We plot the MS running coupling constant A(/i) in Fig. [2} As we increase 
the scale /i, the coupling A first decreases due to the term —6yf and keeps to be 
small above fi = 10^° GeV for a while. At further higher energies, yt becomes 
smaller and A starts to increase due to the contribution from |(7y which is not 
asymptotically free. At the intermediate scale, A can become negative but it is 
shown that a metastability condition can be met even in this case [H El [6] . The 
value of A at the Planck scale Mpi becomes consistent with Eq. (64) in Ref. |5] 

, , , / m^''' - 173.3 GeV\ f as(mz) - 0.1184 

A(Mpi) = -0.014 - 0.018 +0.002' 



2.8 GeV / V 0.0007 



, ruH - 125.7 GeV\ , , 

+ 0-002 ( \ J ± 0.004th. (26) 
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Figure 2: Left: MS running of the quartic coupling A. The band corresponds to the la 
deviation m^"^'^ = 173.3 ± 2.8 GeV. Right: The scale /imin at which A(/i) takes its minimum 
value, as a function of m^"^'^. In both panels, low energy inputs are given by the central 
values as{mz) = 0.1184 and mn = 125.7 GeV. 



As we can see from the left panel in Fig. |2| the value of the quartic coupling stays 
around its minimum in 10^^ GeV ^ /i ^ 10^" GeV. Therefore the minimum 
value of A is also given by Eq. (26) within our precision. In the right panel in 
Fig. |2| we plot /imin at which the A(/i) takes its minimum value. The central 
value mP°^" = 173.3 GeV gives /i^in = 4 x 10^^ GeV. 



4 Bare Higgs mass at Planck scale 
4.1 Numerical results 

Now we can estimate the bare Higgs mass at the cutoff scale by substituting 
the MS couplings derived in the previous section to the bare ones in the right 
hand sides of Eqs. (13) and (14). 

In the left panel of Fig. [3 , we plot the dependence of the bare Higgs mass- 
squared in units of A^/lGvr^ on the UV cutoff scale A: 



m 



B 



m 



AVl67r2 



B, 1-loop 



+ 



m 



B,2-loop -'2 



(27) 



where we have taken /2//1 = 0.005 as in Eq. (16). In the figure, we can see 
that the bare mass m% monotonically decreases when one increase A. 

We obtain the UV cutoff scale at which the bare mass m% becomes zero: 



log 



A| 



10 



i|=0 



GeV 



23.5 + 3.3 



m 



pole 



173.3 GeV 



0.4 



2.8 GeV 
0.1184 



0.2 



niH 



- 125.7 GeV\ 
0.6 GeV / 



0.0007 



±0.4. 



th- 



(28) 
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Figure 3: Left: The bare Higgs mass in units of A^/lGvr^ vs the UV cutoff scale A. 
The blue (narrower) and pink (wider) bands represent the one and two sigma deviations of 
m^°^'', respectively. Right: The UV cutoff scale at which the bare mass m| becomes zero as 
a function of mf"^*^. The solid (dashed) line corresponds to the scale where (m^ i-ioop) 
becomes zero. In both panels, we have taken the central values as{mz) = 0.1184 and 
tuh = 125.7 GeV. 



In the right panel of Fig. [3| we plot this quantity as a function of the top quark 
pole mass for the central values of as{mz) and m/^, without referring to the 
linear approximation ( [28| ). 

We show an approximate formula for the bare Higgs mass when the cutoff 
is at the Planck scale, A = Mpi: 



m 



B 



0.22 + 0.18 



m 



polo 



173.3 GeV 



0.01 



rriH 



2.8 GeV 
125.7 GeV\ 



-0.02 



[mz) 



0.0007 



0.1184\ 



0.6 GeV 



± 0.02th 



Ml., 
167r2 



(29) 



This is one of our main results. We verify that the two loop correction (|14|) 
can be safely neglected: 2-ioop — 



-0.005 M|i/167r2 within the scheme (|T6f, 
as advertised before. In Fig. |4| we plot the bare Higgs mass-squared in units 
of Mpy/lGn'^ as a function of for the central values of as{mz) and mn, 

without referring to the linear approximation (29). For comparison, we also 
plot the quartic coupling A at the Planck scale. 

From Fig. [4] we see that the bare Higgs mass becomes zero if = 
169.8 GeV, while the quartic coupling A(Mpi) vanishes if mf"^*^ = 171.2 GeV, 
when we take the central values for as{mz) and m^. See Refs. [lU Il2l [13] 
for arguments supporting the vanishing quartic coupling at a cutoff scale, see 
also Ref. [13]. There is no low energy parameter set within two sigma that 
makes both the quartic coupling and the bare mass vanish simultaneously at 
the Planck scale. This might suggest an existence of a small threshold effect 
from an underlying UV complete theory. 
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Figure 4: The blue solid (dashed) line corresponds to the 1 plus 2 loop (1-loop) bare mass 



m 



B 



(m 



B, 1-loop; 



in units of Mpj/lGvr^ for A = Mp\. For comparison, we also plot the quartic 



coupling A at the Planck scale by the red dotted line. The central values as{mz) = 0.1184 
and niH = 125.7 GeV are used. 



4.2 Cutoff vs MS 

We have approximated the bare coupling constants in the SM by the running 
ones in the MS scheme at A. The resulting error can be evaluated once the 
cutoff scheme is explicitly specified. 

More concretely, let us first express the MS couplings at a scale in terms 
of the bare couplings defined at the cutoff scale A: 

A^(/x) = A^^ + J^d^\f^/A) Ai,A| + 0(A|), 

jk 



fijk^^ijk inx + 0( 



X 



(30) 



where 6*-^^ is the coefficient in the one loop beta function and f"^^^ is the finite 
part from the one loop diagrams, {-^^jg}^.^ 5 ({-^5)1=1 5) stands for the MS 

(bare) couplings of the SM: {gy, 9^ dl^vh ^} {{gyB, ^b, glB^Vw, ^b})- In our 
case, the two loop corrections in the RGE at high scales are small compared to 



the one loop order, which indicates that the two loop terms O(A^) in Eq. (30) 
are negligible as we can take /i that satisfies both 



/i < A, 



simultaneously. Thus we have 



A 



MS 



167r2 



ln(/./A) 



< 1, 



jk 



(31) 



(32) 
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On the other hand, from the RGE, we get 



^k(A) = Ak(/^) + E 1^ ^- (33) 

jk ^ 



From Eqs. (32) and (33), we obtain 



AyA) = Al, + 5^r^A^^A|, (34) 

jk 

which gives the relation between the bare and the MS couphngs at the same 
scale. 

With the above correction, the formula for the bare Higgs mass is modified 

by 

Ami = - 5^ a^r'Xl^iA) Ay A), (35) 

ijk 

where a* are the coefficients in the one loop bare Higgs mass m| = ^ . a'A^ in 
Eq. (13), and are proportional to Ji. The scale at which the bare Higgs mass 
vanishes A|^|^g is changed to A|^|^ge^*, where 

^ E.,.a-P"A^(A)AyA) 
E..a^&-'=Al^(A)AyA)- 

Generically /^-'^ are of the same order as 6*-''^ and hence the correction due to 
the replacement of the bare couplings by the MS ones, Am|, is as small as 
the two loop corrections. Since 6t is of order unity, the ambiguity for the scale 
A|^I^Q would be at most e*^* < 10. 

5 Summary and discussions 

We have presented a scheme where the quadratic divergence of the bare Higgs 
mass is computed in terms of the bare couplings at a UV cutoff scale A. Using it, 
we have obtained the bare Higgs mass up to the two loop order in the SM. This 
calculation has been made easier by working in the symmetric phase (0) = and 
in the Landau gauge. We have checked that all the IR divergent terms, which 
are proportional to A^ ln(A/ /iin), cancel out as is expected. Approximating the 
bare couplings at A by the corresponding MS ones at the same scale, we can 
examine whether the quadratic divergence in the bare Higgs mass vanish or 
not. To get the MS couplings at high scales, we employ the two loop RGE 
in the SM. We have found that it is indeed the case if the top quark mass is 
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m 



P°^'' = 169.8 GeV, which is 1.3 a smaller than the current central valued] One 
might find it intriguing that this value is close to = 171.2 GeV that gives 
vanishing quartic coupling at Mpi. 

There are several arguments [101 E] suggesting that all the couplings, in- 
cluding the bare Higgs mass m%, should vanish at a certain UV cutoff scale. It 
is a curious fact that the scale of the vanishing bare Higgs mass and that 
for the quartic coupling A are quite close to each other and to the Planck scale. 
This result, obtained solely by using the SM, may indicate that the SM is valid 
up to the Planck scale and is a direct consequence of an underlying physics 
there. 

If we take all the central values for as{mz), and mn, then the can- 

cellation occurs not at the Planck scale but at a scale around A ~ 10^^ GeV. 
This may hint a new physics around that scale. In this case however, we need 



to take the graviton effects into account, as is discussed in Section [23 

There can be a different interpretation for the small bare Higgs mass 
left at the Planck scale. It might appear as a threshold correction in string 
theory. In string theory, the tree level masses of the particles are quantized 
by rUs '■= (q;')~^/^, and therefore the Higgs mass is zero at the tree level. The 
threshold effect from integrating out the massive stringy excitations is obtained 
by computing insertions of two Higgs emission vertices with zero external mo- 
menta into the world sheet. The result would become 



4 - C^rnl (37) 



where C is a model dependent constant. This calculation can be performed for 
a concrete model such as the orbifold and fermionic constructions in heterotic 
string. This work will be presented in a separate publication. 

We comment on the case where the UV completion of the SM appears as 
a supersymmetry. When the supersymmetry is softly broken, there cannot 
be any quadratic divergence and our study does not apply. In the case of 
the split /high-scale supersymmetry [T8l 112] it is possible to perform a parallel 
analysis to the current one, which will be shown elsewhere. 

If we assume the see-saw mechanism, the right-handed neutrinos are intro- 
duced above an intermediate scale Mji. Our analysis corresponds to the case 
where is small enough that all the neutrino Dirac Yukawa couplings are 
negligible yn ^ 10~^. This condition implies Mr < 10^° GeV for the neutrino 
mass nil, ~ Vd'^'^/^R ~ 0.1 eV. It would be interesting to extend our analysis 
to include larger Dirac Yukawa couplings for M/j > 10^° GeV. 



^ The vanishing of the quadratic divergence does not immediately indicate that the bare Higgs mass 
is exactly zero. Our result does not exclude logarithmically divergent corrections such as ln(A/m//) 
as well as finite ones. If the quadratic divergence indeed vanishes exactly for some reason, then such 
corrections become important. It would be interesting to study them. 
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